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ABSTRACT 


Pn(z)  *  zn  +a2zn“‘i  +...+  »  II  (z-Zj) 

1 

be  a  polynomial  in  C[z]  having  the  origin  as  the  center  of  gravity  of  its 
zeros  Zj.  We  call 


R(P»)  -  I  l*,|2)1/2 


n*  n  “  3 1 

the  quadratic  radius  of  P_(z).  We  also  consider  the  derivative 


Accession  For 
rjT ri'*;,; 


-  n  s  T I  * !  TAB  □ 

n“  1  .  I  /toK.oanood  |  J 

P„(z)  -  nzn“*  +  (n-2)a2zn_3  +...+  a_  .  »  n  n  (z-w.  )!  Justification _ 

1  _ 


,Ft 


and  its  quadratic  radius 


»<’A’  -  &  \  M2)* 

The  main  purpose  of  this  note  is  to  state 


By - 
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Cfrole^tyire  1.  we  have  the  inequality 


R<PA>  <  *<V  ' 


equivalently ,  all  z^  are  on  a  straight  line  of  C. 

We  prove  (1)  for  n  *  3.  Also  for  binomial  polynomials  of  the  form 
Pn(z)  *  zn  +  aJtzn"‘Jc  (2  <  k  <  n).  We  prove  directly  other  consequences  of 
Conjecture  1. 


S'  ^ " 


with  the  equality  sign  if  and  only  all  the  zeros  of  P„(z)  are  real,  or  Cn 

J  -  vNv,,V 

equivalently,  all  z^  are  on  a  straight  line  of  C.  \  ,  "  / 
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SIGNIFICANCE  AND  EXPLANATION 


"  The  main  purpose  of  this  note  is  to  state  a  conjecture  which  may  be 

5k4>  h 

regarded  as  an  analogue  of  Rolle's  theorem  for  arbitrary  polynomials  p^(z) 
with  real  or  complex  coefficient,  having  the  origin  z  =  0  as  the  centroid  of 
the  zeros  of  Pi(z).  How  the  zeros  z^  of  Pn(z)  crowd  around  their 

r  /A--  J 

centroid  is  measured  by  the  quadratic  mean 


R<V  =  l2J2)1/2 


of  their  distances  from  their  centroid  0.  If 


•<*>  - 


is  the  similar  quantity  for  the  derivative  P^(  z)  having  the  zeros 
Wj,...,wn_ it  is  conjectured  that 

R<PA>  i  4ilR(V  ' 

with  the  equality  sign  if  and  only  if  the  zeros  Zj  are  all  real,  or 
equivalently,  all  Zj  are  on  a  straight  line. 

This  is  proved  if  n  =  3  and  also  for  binomial  polynomials. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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and  P’(z)  «  0 


'■  £S22i-2t-SSai8SSSS8»I,SSJi2„S.:-^-  Let 

(1.1)  T  »  (z1fl2/23> 

be  the  triangle  of  the  complex  plane  having  the  zeros  of  P3(  z)  as  vertices.  By  our 
assumption  (4)  the  centroid  of  T  is  in  the  origin  0.  We  are  now  using  the  following 
theorem  of  van  den  Berg  ([1],  or  [3,  Chap.  7]). 

X&88ISB  1  (van  den  Berg).  Let  E  be  the  Steiner  ellipse  of  the  triangle  T.  This  la 
the  elliose  which  is  inscribed  in  T  such  that  E  is  tangent  to  the  sides  of  T  in  their 


arc 


we  find  that  Che  foci  of  Eft),  which  we  denote  by  w^(t)  and  W2<C), 

Wjft)  “  **a2-b2 t2  ♦  Vj,  as  t  ♦  0  , 

and  similarly  w2(t)  +  -v2.  This  shows,  by  continuity  as  t  ♦  + 0 ,  that  3(z-Vj ) (z-v2)  la 
the  derivative  of  the  real  cubic 

(1.2)  (r-x1)(z-x2)(**x3)  . 


By  (10)  we  have 
(1.3) 


(v2+v|)/2 


(x2+x|+x2)/6. 


and  therefore 


'■j1' 


.  1  V  2  1  ,  2^.  2.  2  v  1  ,  ,  .2  |  .2. 

}  X3  “  2  <V1+V2>  ’  “  i  2  ‘K1  +  W2  ’ 


A  comparison  of  the  extreme  terms  of  (1.3)  gives  the  desired  inequality  (7)  which,  for 
n  "  3,  is 

(1.4)  R(P$)  <  r(P3)  . 

Finally,  the  equality  sign  between  the  extreme  terms  of  (1.3)  implies  that  E|e^|2  “  Ex2, 
and  therefore  z  j  “  Xj(j-1,2,3),  so  that  the  zeros  of  P3(z)  are  real. 


2 *  YSEi£iiB3-£2SaS£SKt.l.£S£.^iD2aial-fi2lXB2aiai8-  i*  «  “imple  case  when  the 

quadratic  radii  R(Pn)  and  R(P^)  can  both  be  evaluated  very  simply  explicitly.  This  is 

the  case  when  the  polynomial  (1)  is  binomial,  i.e.  of  the  form  Pn(z)  »  zn  +  •|tsn”k  with 
2  <  k  <  n.  Without  loss  of  generality  we  may  assume  that  ak  »  1,  hence 

(2.D  P„(z)  -  zn  +  zn-k  ,  <2  <  k  <  n)  , 

whence 

P^(z)  -  nzn-1  +  (n-k)zn_k-1 
we  find  for  P„(z)  “  sn"k(zk  +  1)  and,  by  (5),  that 

(2-2)  <R<Pn>>2s£  ' 

likewise  * )  “  nzn''k”1  ( zk  (n-k)/n),  and  therefore,  by  (5),  that 

(2.3)  (R(P1))2  -  (J)Zk)2A  # 

n  n- 1  n 

The  desired  inequality  (7)  now  easily  reduces  to  proving 
&S9H  '•  We  have  the  inequality 

(n  -  2)k  >  nk-2(n  -  k)2  if  2  <  k  <  n  . 


(2.4) 


K 


while 


k-2 

II  (x  -  x^)  =  nk”2,  (x  -  x)t_1)(x  -  x^)  -  (n  -  k)2 
Now  (2.8)  goes  over  into  the  desired  inequality  (2.6). 


3.  9n=£fiBfil=SiSJjfI>£§2i==&=£§£glla£X=§i=£§8Ji£Sy£i,1-  We  start  from  P0(z)  -  1  and 

integrate  it  successively  with  arbitrary  constants  of  integration,  obtaining  a  so-called 
Appell  sequence  of  polynomials 

(3.1)  Pn<*>  “  h  +  ‘X2"'1  +  <2)c2zn“2  +‘*'+  CJ.  (n  “  1,2,...)  . 

Here 

(3.2)  <cn),  (cQ  ■  1|  n«  1,2,...) 

is  an  arbitrarily  prescribed  sequence  of  real  or  complex  constants.  Evidently 

(3.3)  P^(z)  -  Pn_ , ( z ) ,  (n  -  1,2,...)  . 

Conversely,  (3.3)  and  Pg(z)  ”  1  imply  (3.1). 

Let 

(3.4) 


V*>  “  ^7  "  <*  -  ljn>> 

3*1 


describe  the  zeros  of  these  polynomials.  Without  loss  of  generality  we  may  assume  that 


(3.5) 

which  implies  that 

(3.6) 


0  , 


l  * 

3*1 


(n) 


0,  (n  “  1,2,...) 


Because  of  the  relation  (3.3)  we  wish  now  to  apply  Conjecture  1,  hence  the  inequality 
(7),  to  any  two  consecutive  pair  of  polynomials  of  the  sequence  (3.1).  Of  course,  the 
results  will  only  be  conjectured,  as  Conjecture  1  has  not  been  established.  Since  (7)  may 
be  written  as 


1  "71  ,  ,2  „  n-2  1  ,  ,2 

\  |wk'  ^  TPf  n  \  |zj!  ' 

(n-1)(n-2)  ^  -  n(n-1)  ^  1*3 1 


-6- 


sis: 


r« 


w 


■«iU' 


we  obtain  for  the  pair  P^lz),  Pk+1(z),  with  the  notations  of  (3.4),  the  inequality 

k  ..  .  „  .  k+1 


i _ r  ,  <k).2  ,  i  v  ,  ( 

k(k-1 )  \  ‘Zj  ^  =  (k+1)k  “  lZj 


(k+1) | 2 


By  iterating  this  recurrent  inequality  we  obtain 


1  ? 

k(k-1)  ^  lZj 


(1°i2  <  -±—l  |z(n)|2  for  n  >  >  2 
=  n(n-1)  “  1  3  1 


(R(pn))2  >  •j^TT  <Rlpk>>2  *  (n-1)  (n  >  k  >  2) 


This  we  may  write  in  the  final  form 

(3.7) 

An  immediate  (conjectured)  consequence  is  the 

SlliSX  1  •  If  the  polynomials  (3.1)  are 

(3.8)  Pn(z)  «  zn/n!  _for  n  =  1,2,...  , 

then  clearly 

(3.9) 

Let  us  now  assume  that 

(3.10) 
while 

(3.11) 
then 


Pn(z)  *  z  /nl  for  n  «  1,2, ...k-1  (k  >  2)  , 


V2>  "  k~|~  '  <a  *  0>  ' 


(3.12) 


R(P 


)  >  c/n-T,  where  C  =  ja|/(k-1  )^2  ,  for  n  >  k  . 


Indeed,  if  in  (3.7)  we  choose  for  k  its  value  that  appears  in  (3.11)  we  obtain  the 
lower  estimate  (3.12),  because  RfP^)  “  |oj. 


4,  *=!}lrect-£rooj;_of_^3,.12^_cif  _=js_;_2.  Our  belief  in  the  truth  of  a  conjecture  is 

strengthened  if  we  can  prove  directly  a  consequence  of  the  conjecture.  This  is  immediate: 

If  k  »  2  in  (3.11),  then  in  (3.1)  we  have  c,  -  0,  and  c2  ¥  0.  On  the  other  hand,  by 
2  2 

integrating  P2(z)  «  (x  -  <*  >/2  (n-2)-times  we  obtain 

n  2  n-  2  ,  ^  . 

z  a  z  .  I,”  2  n(n-1)  n-2  , 

P  (z)  - - - +•••  *  —  (z  ~  a  -  z  +...  ) 

'  n|  2  (n-2)!  nl  2 

and  (10)  shows  that 


-7- 


.  v  .v-\ 

v-..'-  .'V-V 

W  w  w  V.  of.  « 


•  - ^ -w 


This  seeks  the  place  to  mention  the  different  behavior  of  the  two  quantities  R(Pn) 


and 

(4.3) 


max  z 


(n)  j 


Indeed,  observe  that  we  may  express  any  Appell  sequence  (3.1)  as 

x.  x 


Pn<*>  ■  /*(„)  /  (n-1 )  <*2  *•*  I  (il  dXn 


1 


Here 


_(r ) 


“1 


(r  »  1,2,...  ) 


can  be  an  arbitrarily  chosen  sequence  of  points  of  the  complex  plane. 


This  implies  that 


n 


5 

z®  +  iz2  +  5z  -  2 

1.35871 

1.16038 

1.17668 

4 

z4  -  iz2  +  z  -  i 

1.07753 

.68454 

.87980 

4 

z4  +  <1+2i)z2  -  z  +  ! 1-i) 

1.27456 

.86366 

1.04068 

The  last  two  columns  illustrate  the  inequality  (7). 


8§ff£S£?£f! 
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be  a  polynomial  in  Ciz]  having  the  origin  as  the  center  of  gravity  of  its 
zeros  z..  We  call  n  ]/2 

3  R(P  )  =  [-1  |z.|2) 

n  hi  “  j  1  1 
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ABSTRACT  (continued) 


the  quadratic  radius  of  P^(z).  We  also  consider  the  derivative 

n_i  n-1 

P’(z)  =  nz  +  (n-2)a  z  +...+  a  =  n  H  (z-w  ) 
*  *•  n-l  k 

and  its  quadratic  radius 


The  main  purpose  of  this  note  is  to  state 


Conjecture  1 .  We  have  the  inequality 

(1)  R(P' )  <  I  R(p  ) 

n  =  n-1  n  ' 

the  equality  sign  if  and  only  all  the  zeros  z.  of  P_  (z)  are  real,  or 

equivalently,  all  z^  are  on  a  straight  line  of  C?  n 

We  prove  (1)^  for  n  =  3.  Also  for  binomial  polynomials  of  the  form 

Pn(2)  -2  +  a^z  (2  <  k  <  n) .  We  prove  directly  other  consequences  of 

Conjecture  1. 


